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1. Introduction

In this paper we study certain invariant subspaces (that is, submodules) of
tuples of operators (that is, Hilbert modules over unital and associative free
algebras generated by noncommuting variables) in the setting of noncommu-
tative operator theory and noncommutative varieties. The noncommutative
operator theory was introduced in the middle eighties by Frazho [10, 11]
and Bunce [5] (see, however, Taylor [27]). However, in the late eighties, a
more systematic formalism of noncommutative operator theory began with
the work of Popescu on isometric dilations and analytic models of infinite
sequences of noncommuting operators [16, 17]. Popescu’s noncommutative
operator theory has a wide range of applications in different context and re-
search areas as, free analysis and matrix convex sets [4], Hilbert C*-modules
[13], moment problem and Cuntz algebras [9] and operator algebras [7, 8] and
multivariable operator theory and function theory [1], just to name a few. On
the other hand, the theory of noncommutative varieties, again introduced by
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Popescu [20], establishes a fundamental connection between noncommutative
and commutative operator theory and function theory in several complex
variables.

In the setting of noncommutative operator theory, noncommutative
polydomains and noncommutative varieties, introduced by Popescu in [21],
are analogue of polydisc in C™ . Popescu’s theory of polydomains can be seen
as an attempt to unify the function theory and multivariable operator theory
(both commutative and noncommutative) on the open unit ball and polydisc
like domains in C™.

The goal of the present paper is to examine a general technique for
characterizing joint invariant subspaces of the noncommutative Hardy space
on noncommutative polydomains and noncommutative varieties.

We emphasize that the notion of Fock space (we also call Fock module)
that plays the central role in noncommutative operator theory and used in
the free analytic models also plays significant role in noncommutative poly-
domains. Here one actually needs to deal with the tensor products of Fock
spaces. From this point of view, in this paper, we characterize invariant sub-
spaces of tensor products of Fock spaces. In order to be more specific, here
we introduce the notions of Fock module, Fock n-modules and multi-analytic
maps, the most necessary technical background for the study of noncommu-
tative multivariable operator theory, and refer the reader to Section 2 for a
more detailed discussion.

Throughout this article, » and k will denote natural numbers. We
also denote by n = (n1,...,nk) a k-tuple of natural numbers. Consider
the n-dimensional Hilbert space C" with the standard orthonormal basis
{e1,...,en}. The Fock module F? is defined by

R - @ e,
mEZ4
where (C*)®Y = C and (C")®™ is the m-fold Hilbert space tensor product
of C". Define the left creation operators Si,...,S, on F2 by S;f :=e; ® f,
f € F2. 1t is easy to see that S;S; = 0;,jIp2 for all 4,5 = 1,...,n, that is,
(S1,...,85n) is an n tuple noncommuting isometries with orthogonal ranges.
Similarly, we define the right creation operators (R, ..., R,) by setting R; f =
f®e;, f € F2 The Fock n-module F? is defined by
F?=-r?> @...9 F?

n ni ng "

Now for each i € {1,...,k}, we denote the n;-tuple of creation operators on
F?2 (instead of (Sy,...,Sy,)) by

Sn; = (Sit, -+, Sin,)-

Then, for each j € {1,...,n;} we define the operator S;; acting on the Fock
n-module F2 by setting

Siji=Ip2 @ ®@Ip2 ®85;;Ip2 @---Ip2 .
ny ng_ 1 i1 "k
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It is now evident that S;;Spq = SpgSi; and S};Spq = SpgSj; for all 1 <i <
p<k j=1,...,n;,and ¢=1,...,n,. In other words, for eachi=1,...,k,

S’I’Li = (Sila .- '7S’iTLi)7

is an n;-tuple of noncommuting isometries with orthogonal ranges acting
on the Fock n-module F2. We set the k-tuple of tuples of noncommuting
isometries S as

S =(Sn,---Sn,)-

Finally, for Hilbert spaces £ and &,, an operator © : F?2 ®@ & — F2 ® €&, is
called multi-analytic if

0S; ®lg)=(S®I,)0  (i=1,...,n).

The set of all such multi-analytic operators will be denoted by R°®@B(E, Ex).

In this paper we classify joint invariant subspaces of S. We also aim to
illustrate our ideas in the setting of noncommutative varieties (see Section
5). At the present stage, it is worthwhile to point out that a certain classes of
joint invariant subspaces of S as well as shifts on noncommutative varieties
has been considered by Popescu (for instance, see [22, Corollary 5.3], and the
recent one [24, Theorem 5.2]). These are either analog of doubly commuting
invariant subspaces or Brehmer type invariant subspaces. In the present set-
ting, our classification results hold for general joint invariant subspaces of S
and shifts on noncommutative varieties

We summarize the main contribution of this paper as follows: Section
2 contains preliminary notions, and some basic observations. In section 3 we
lay the foundation for the main body of this paper, and prove a key result
concerning representations of commutant of pure isometric tuples. An n tuple
of operators V = (V4,...,V,,) acting on some Hilbert space H is called a pure
isometric tuple if V;*V; = 6,13 for all i,j € {1,...,n} and

SOT- lim Ve e =0,
m— o0 ‘
lo)=m
aeF;f
where FI denotes the unital free semigroup on n generators gy, . . . , g, and the

identity e, X* = X;, --- X; and |a| =m for all« = g;, ---g;, € F,". In this
case (see Lemma 3.1), there exists a canonical unitary map Ly : H — F2®€,
where £ = N, ker V.*, such that

LyVi = (S ®I¢) (i=1,...,n).

The unitary Ly is essentially the dilation map (which we call canonical mod-
ule unitary operator) and related to the noncommutative Poisson transforms
of Popescu [22]. In Theorem 3.2, we use this approach (which is not very
different from the earlier approach of Popescu) to reprove Popescu’s noncom-
mutative version of the classical Beurling-Lax-Halmos theorem [17]: A closed
subspace M C F2®¢E, is invariant under S® Ig, = ($1®1¢,,..., S, @1¢,) if
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and only if there exists an inner multi-analytic operator © : F2®& — F2®¢&,
such that M = O(F? ® £), where

E=MED (8i® I M.

i=1

Up until this point, the results of Section 3 are all due to Popescu. However,
the present unification (or rearrangement) is slightly different, which is also
essential for the main body of this paper. The only new result of Section 3
is the explicit representations of commutants of pure isometric tuples (see
Theorem 3.3): C € {Vi,...,V,} if and only if there exists a multi-analytic
operator ® € R°®@B(E) such that Ly CL;, = ® and the Fourier coefficients
of ® are given by

Pat = nga*0|g (Oé S Fj)

This key result plays an important role in what follows. Here R° (respec-
tively Fi>°) is the noncommutative analytic Toeplitz algebra, the weakly closed
algebra generated by the right (respectively left) creation operators and
the identity operator {R; : i = 1,...,n} U {lp2} (respectively {S; : i =
L...,n}U{lpz}).

Now we turn to Section 4. We continue to assume that M C F? ® &, is
a closed subspace. Let T' € B(F? ® &) and suppose

T(S;®Ig,)=(S; @I )T (i=1,...,n).

We know from Popescu’s noncommutative version of the classical Beurling-
Lax-Halmos theorem (as also stated above) that M is invariant under S® I¢,
if and only if M = O(F? @ £) for some inner multi-analytic operator © :
F?2® & — F2 ®E&,. In Theorem 4.1, we prove that TM C M if and only if
there exists a multi-analytic operator ® € RX®B(E) with (explicit) Fourier
coefficients

Pat ZPg(Sa*®Ig*)T|g (a S f‘_';;'_)7
such that
TO = ©.

In other words, TM C M if and only if Popescu’s inner multi-analytic oper-
ator © satisfies the above operator equation for some explicit ®. While this is
the only new component of Theorem 4.1, the proof of this also requires prov-
ing Popescu’s noncommutative version of the Beurling-Lax-Halmos theorem
in our present terminology. In other words, the present proof of Popescu’s
result (which is a little different than that of Popescu) in our terminology is
inescapable for the purpose of the new part of Theorem 4.1. It is also worth-
while to note that the entire proof of Theorem 4.1 follows the ground rules
laid down in all the previous results.

Putting all the pieces together from the above, in Corollary 4.3, we charac-
terize invariant subspaces of Fock m-module as follows: Let M be a closed
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subspace of the Fock m-module F2. Let

ni
E=MoY SiM,
j=1
and £, = F?, ®---®@ F7 . Then XM C M forall X € S, i =1,... .k, if
and only if there exist an inner multi-analytic operator © € R°®B(E, Ep)
and multi-analytic operators ®;; € Ry°®@B(E), for all i = 2,...,k and j =
1,...,n;, such that

M = @(le ®(€) and S’LJ@ = @‘PZ]

In this case, the multi-analytic operators ®;; € R°®B(E), i = 2,...,k and
j=1,...,n;, are uniquely determined by M (which essentially follows from
Corollary 4.3 and Remark 4.4). Moreover, for each i = 2, ...k, the n;-tuple
®,, = (Pi1,...,Pipn,) on F2 ®E is a pure isometric tuple (see Remark 4.4),
whereas the restriction tuple

(Sn1 |Ma Snz‘Mv ey Snk|/\/l) on Ma

and the pure isometric tuple
(Sp, @ Ie, ®ry,..., ®,,) o0 F2 ®E,

are jointly unitarily equivalent. Finally, in Theorem 4.5, we prove that the
above tuple (®,,,...,®,,) on Fﬁl ® £ is unique in an appropriate sense.
In Section 5, we pass from the Fock n-module to constrained Fock n-
modules and prove analogous results for invariant subspaces of constrained
tuples. Suppose J be a weak operator topology closed two-sided proper ideal
in £°. Define N; := F2 & JF2. Then N is a joint invariant subspace of

(S%,...,5%). Following [20], define the constrained left creation operators as
Bi ::PNJSi|NJ (z':l,...,n).
Then B = (By,...,B,) is an n-tuple of constrained left creation operator

on Nj. In Theorem 5.2, we prove the following analog of Theorem 4.1 in the
setting of noncommutative varieties: Let &, be a Hilbert space, T' € B(N; ®
&), M C Nj® &, be a closed subspace, and let T'(B; ® I¢,) = (B; ® I¢,)T
foralli=1,...n. Then

TMCMand (B;®Ig )M C M (i=1,...,n),
if and only if there exist a closed subspace £ of N; ® &, a constrained multi-
analytic partial isometry

OWn,...,Wy) e W (Wq,..., W,)RB(E, &),
and a constrained multi-analytic operator
q)(Wl, ey Wn> S W(Wl, ey Wn)@l’j’((‘,’),
such that
M= G(Wla cey Wn)(NJ ® g)a

and

TOWy,...,Wy,) =0(Wy,..., W,)®(Wq,...,W,).
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Just as in the case of Theorem 4.1, the above result, without the T part,
is Popescu’s version of constrained Beurling, Lax and Halmos theorem [20,
Theorem 1.2]. However, this time, our proof also brings out additional geo-
metric flavor to Popescu’s constrained Beurling, Lax and Halmos theorem.
For instance, we prove that the initial coeflicient space of ©@(W1y,...,W,,) is
contained in Ny ® &,, that is

ECN;®E,.

This inclusion appears to be a new addition to Popescu’s original result. This
extra piece of information (along with other techniques invoked in the proof
of Theorem 5.2) appears to be more fruitful in concrete situations. However,
to keep the flow of the relevant results of this section, we move the proof of
the above inclusion in Section 6 (see Lemma 6.2).
The final result of Section 5 is a classification of invariant subspaces of Fock
n-modules: Given n = (ny,...,n;) € N¥ and weak operator topology closed
two-sided proper ideal J; in F?, i =1,...,k, the constrained Fock n-module
Ny, is defined by
NJn ::NJ1®"'®NJk.
Set En = Nj, ® - ® Ny, , and define B,,, = (B;1,..., Bis,), the n;-tuple on
Ny, , where By; = Py, Sij|n,, foralli=1,...,kandj=1,...,n; Now
suppose M C Ny, be a closed subspace. Then XM C M for all X € B,,,,
i = 1,...,k, if and only if there exist a Hilbert space &, a constrained
multi-analytic partial isometry © € #(Wiy,..., W1, )®B(&.,En), and a
constrained multi-analytic operator
(I)ij S W(Wllv . 7W1n1 )@B(g),
such that M = O(Ny, ® &), and
Bij@ = @(I)ij,
foralli=2,...,kand j =1,...,n; (see Section 5 for more details).

In Section 6, we examine the structure of invariant subspaces of Drury-

Arveson m-module

H.=H. ®---®H .

In this particular situation, our results are more definite compared to that of
Section 5 (see for instance, Corollaries 6.1, 6.3, and 6.4). It is worthwhile to
note that the problem of describing invariant subspaces of constrained tuples
in the setting of noncommutative varieties is somewhat more challenging
(essentially due to the non-uniqueness issue of the commutant lifting theorem,
see Section 6).

Section 7 present an example of dimension inequality of fibres of the
noncommutative Beurling, Lax and Halmos theorem which also, in particu-
lar, show that certain natural generalizations of the classical results are not
possible in noncommutative operator theory.

Part of the present investigation may be regarded as a generalization
of some of the results concerning invariant subspaces of the Hardy module
H?(D") over unit polydisc D" [12]. However, we wish to point out that even in
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the particular case of H?(D"), our results are slightly different and somewhat
more convenient from that of [12] (see the final paragraph in Section 4). Also,
in what follows, we will use the standard terminology of Hilbert modules. In
particular, this setting is more convenient and economic to deal with the
techniques involved in the results presented here.

2. Preliminaries and basic observations

Given two Hilbert spaces Hi and Hs, the set of bounded linear operators
from H; to He will be denoted by B(Hi,Hs). If H1 = Hs, then we shall
write B(H1) for B(H1,H1). Given an n-tuple X = (Xy1,...,X,) on H, we
define a completely positive map Qx : B(H) — B(H) (see [15]) by

)= ZXl-AXi* (A € B(H)).
We say that X is a row contraction if (Igz) — Qx)(I3) > 0, or equivalently

Z X, X7 < Iy.
i=1
Therefore, if we denote
BH)"={X=(X1,...,Xn): X1,..., X € B(H)},
then, the set of all row contractions on H, given by
B (H) == {X € B(H)" : (Ip) — @x)(In) > 0},
is the noncommutative unit ball in B(#H)™. Also it is easy to see that if
X € B (H), then
I 2 Qx(In) 2 Q% (In) 2 ... 2 0,
which allows one to define a self-adjoint and contraction operator Q5§ in
B(H) as
QX =80T — lim Q% (Iy).
—00

= Z Xox*e,

|a|=m

(XEFTT

Note also that

The following is now immediate:

Lemma 2.1. Q§ =0 if and only if SOT- lim Z XX * =0.
m—0o0

|la|=m

aEF,T

The tuples of left and right creation operators are closely related to each
other. In order to see this, we define

o L Jen® e, if &= gi, - gi,
* 1 ifa=ce,
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for all a € F;}. Next we define the flip operator U, : F2 — F? by
Ui(eq) = eqt,
where o == g; ---¢;, and a = g, ---gi,, € F,. Clearly, U; is unitary,
U? = Ip2 and
Ui(f @ g) = U f @ Uig,

for all f,g € F2. Moreover, for a € Ff, since R*f = f Q@ eqnt, f € F2) it
follows that

R* = U SYUy.
Let C(Z1,...,Z,) denote the unital and associative free algebra generated
by n noncommutative variables Z1, ..., Z, over C. Then
C{Z1,...,Zn) = P C2z°,
aEF,T

where Z% = Z;, --- Z; for each a = g;, ...g;,, € F;f. Now let {Xy,...,X,}
be (not necessarily commuting) bounded linear operators on a Hilbert space
H. We realize H as a C(Zy, ..., Z,)-Hilbert module as follows:
(C<Z17...,Zn> XH—H,
with
(P(Z1y- s Zn), [) = p(Zas o Zn) - o= p(Xa, . X

for p(Z1,...,Z,) in C(Z1,...,Z,) and f € H. We say that H is a (left)
Hilbert module corresponding to X = (Xy,...,X,) € B(H)". Often we will
simply say that H is a C(Zy,..., Z,)-Hilbert module (or simply a Hilbert
module when no confusion can result) if X is clear from the context. Given
C(Z1, ..., Zy,)-Hilbert modules H and K corresponding to X € B(H)™ and
Y € B(K)™, respectively, a bounded linear operator A € B(H, K) is said to be
amodule map if AX; =Y;A,i=1,...,n. We say that H is a row-contractive
Hilbert Module if (X1, ...,X,) € B (H). In addition, if Q5 = 0, then we
say that the Hilbert module H is pure.

Let H be a row-contractive C(Z1, ..., Z,)-Hilbert module, and let M
be a closed subspace of H. We say that M is a submodule of H if X;M C M
for all i = 1,...,n. In this case, we also treat M as a C(Z,..., Z,)-Hilbert
module corresponding to the n-tuple

X|m=Xalmy -y Xnlm)-

We record for clarity and future use that the pure property of Hilbert modules
carry over to submodules (see the first part of the proof of [26, Theorem 3.2]):

Lemma 2.2. Any submodule of a pure and row-contractive C(Zy,...,Zy,)-
Hilbert module is pure and row-contractive C{Z1, ..., Zy,)-Hilbert module.

Proof. Let H be a pure and row-contractive C(Z1, ..., Z,)-Hilbert module,
and let M be a submodule of H. For hq,...,h, € M, we have

1D Xilamhall? = 11D Xahall> < D [1hall?,
=1 =1 =1
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and hence Iy —Qx|,,(Irm) > 0 or, equivalently X | € B (M). Now, it can
be checked easily, using X;| s (X m)* = (XiPm X7 )|mforalli,j=1,...,n,
that

QY| (Im) = ( > X“PMX*“)W,
el =m

acF;
for all m > 0, and hence Q}OIM =0. O

The quintessential example of pure and row-contractive Hilbert mod-
ules over the noncommutative algebra C(Zy, ..., Z,) is the Fock module F?
corresponding to (S1,...,S,). If n = 1, then the full Fock module F can be
identified with the Hardy module H?(DD) over the unit disk and both F°, R$°
coincide with H*°(ID). Also note that the C(Z,..., Z,)-Hilbert module cor-
responding to the right creation operators (Ry,..., R,) is isometrically iso-
morphic, via the flip operator, to the Fock module.

Given a Hilbert space &, the £-valued Fock module is the C(Z1, ..., Z,)-
Hilbert module F2 ® & corresponding to the tuple

When the Hilbert space £ is clear from the context, we also write S instead
of S ® I¢. It is well known that
n
CeE=ke(Si®I)",
i=1

and
n

Ip2ge — Z(Sz ®1e)(S; @ Ig)" = Pc® I,
i=1

where Pc denotes the orthogonal projection of F? onto the vacuum space
C C F2. We say that a bounded linear operator © : F2 ® £ — F2 ® &, is
multi-analytic if © is a module map, that is, O(S; ® Ig) = (S; ® I¢, )O for all
i=1,...,n. It is well known (see for example[19, Theorem 1.1]) that the set
of module maps coincides with the weakly closure, denoted by R°®B(E, E.),
of by the spatial tensor product R with B(E,E.). Here, by an abuse of
notation, the functional calculus (Proposition4.2 [18]) of ©(Ry,..., R,) is
given by

O(Ry,...,Ry) =SOT- lim > " rl*R*@0,. (2.1)

Moreover, each Fourier coefficient 0, € B(E,E,), a € F;F, is uniquely deter-
mined by O as follows:

(0atn, ) = (O(1®@ 1), ea ® (), (2.2)

for all n € £ and ¢ € &.. Elements of R°®B(E,E,.) will be denoted by
O(Ry,...,Ry), or simply by © if (Ry,...,R,) is clear from the context.
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A bounded linear operator M € B(F2 ® £, F2 ® E,) is said to be multi-
coanalytic if

M(S; @ Ig) = (57 © Ie. )M,

forall i = 1,...,n. If © € B(F?®&,F? ®E,) is both multi-analytic and
multi-coanalytic, then by (2.2), we have that

(Oarn, ¢) = (S @ Ie)(1 @n), O7(1©()) =0,

for all @« € Ff \ {e}, n € € and ¢ € &.. On the other hand, if © €
B(F?®& F2®E,) and 6, = 0 for all F;f \ {e}, then one can easily check
that © is multi-coanalytic. Thus, we have proved the following lemma:

Lemma 2.3. A module map © € B(F? ® £, F? ® £.) is multi-coanalytic if
and only if the associated Fourier coefficients 0, = 0 for all a € F,\ \ {e}.

This also proves the following (well known) observation: A closed sub-
space M C F2 @ £ is joint reducing for S ® I¢ if and only if there exists
a closed subspace K C & such that M = F2? @ K. To prove the non-trivial
implication, let M is reducing for S ® I¢. Then the orthogonal projection
Py onto M is a module map. Since Py is self-adjoint it is also a multi-
coanlaytic operator, and hence, by the above lemma, Py, must be constant.
Finally, since Pyq is positive and idempotent, it follows that Py = Ir2 @ P
for some K C €.

3. Beurling, Lax and Halmos theorem and commutants

The classical Beurling, Lax and Halmos theorem [14, page 198, Theorem 3.3]
deals with a complete classification of invariant subspaces of vector-valued
Hardy spaces over the open unit disc ID. To be more specific, let £, be a
Hilbert space, and let S be a closed subspace of Hg (D). Then the Beurling,
Lax and Halmos theorem says that S is M, -invariant if and only if there exist
a Hilbert space £ and an inner function © € Hyj, ¢ (D) such that

S = OHZ(D).

In particular, the shift M, on the Hardy space H, E(]D)) and the restriction op-
erator M, |s on S are unitarily equivalent. This has been generalized for Fock
module by Popescu [17]. Here, however, we give a slightly direct (or geomet-
ric) approach to reprove Popescu’s result. This will be useful in characterizing
submodules of Fock n-modules. Along the way we will also parametrize com-
mutants of tuples of noncommutative pure isometries.

Let V = (V4,...,V,) € B"(H) be a tuple of isometries with orthogonal
ranges. We call such a tuple a pure isometric tuple if QY = 0. The following
lemma follows from Popescu’s noncommutative Wold decomposition theorem
[16, 23]. However, the explicit description of Ly in our version below will be
useful in analysing commutants of pure isometric tuples and all the remaining
results of this paper.
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Lemma 3.1. Let H be a C(Zy,...,Z,)-Hilbert module corresponding to a
pure isometric tuple V.= (Vi,...,V,). Let

E:ZH@EH:VZ-’H: ﬁkerVi*.

i=1 i=1
Then
SOT— 3" VPV = Iy,

aeFy
and

H= P vee

acF;t
Moreover, the map Ly : H — F2 ® & defined by
Ly(Ven) :=e,@n=S%(1®n) (€ Ffined), (3.1)

18 a unitary module map and

Lyf= ) ea®(PV™f)  (f€H).

aEF,T

Proof. We first note that Pe = I, — Z?:l V;V;*. Hence

n n
VanVa* :VOL(IH_Z‘/@‘/;*)VQ* zvava* _Zva‘/i‘/;*voé*7
i=1 i=1

for all « € F;f. For each k > 1, we have

k
Z Vapgva* _ Z Z (Vava* _ Z Vava*) =1y — Z Vava*’

la| <k =0 |o|=l |a|=1+1 |a|=k+1

and hence the first equality follows from Lemma 2.1. It is now easy to prove
the second equality: Observe that @ V€ is a joint reducing subspace of
aEF,’
V.If f € Hand f L VE for all & € F}, then V*f 1 £ and hence
PeV**f = 0. The first equality then implies that f = 0, which proves the
validity of the second equality. The fact that Ly, as defined in (3.1), is a
unitary module map follows readily from the grading of A in the second
equality. The final equality follows from the first and the definition of Ly in
(3.1). O

Given a pure isometric tuple V = (Vq,...,V,) € B"(H), the unitary
module map Ly constructed in the above lemma is called the canonical mod-
ule unitary operator corresponding to V.

The following general fact will be useful: Given a closed subspace S
of a Hilbert space H, the inclusion map ts : S — H satisfies the following
properties:

tsts =Is and  1sis = Ps.
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Now, let &, be a Hilbert space, and let M C F,% ® £, be a submodule
of F? ® &,. Applying Lemma 3.1, by virtue of Lemma 2.2, to

(S@Ie)m=((Si®@Ie,) My (Sn @ e, )| M),

we obtain the canonical module unitary operator corresponding to (S®I¢, )
as Lg|,, : M — F2® &, where

M

£— ﬁ ker ( (8 ® Ig*)|M)* cM. (3.2)

i=1

Then tymLiggr, yiu F2®& — F?2®E, is an isometric module map and

M =ran(emLisgr, )u)-
If we define
©= LMLE‘S®15*)|M’

then © € RP®B(E, &) is an inner (that is, isometric) multi-analytic opera-
tor, and moreover

M=0(F2%¢).

We now proceed to the uniqueness part. Let 4‘; be a Hilbert space, and let S be
an inner multi-analytic operator in Ri°®@B(E, E,) such that M = O(F2®E).
Then for

0*0:F2f - F2RE,
we have
008, ®1; =0"S;®1;.0 =0"S;01:,00"0 = S;2 10"V = S, ® [:0"6,
and hence
(5:® 1£)070 = ©70(S; @ I¢),
foralli =1,...,n. Therefore ©*O is a module map. On the other hand, since
OF22 &) =0(F2x¢é),
for h € F2 ® &, there exists h € F2 ® & such that ©h = Oh. Then we have
(Si © I5)0*Oh = (8; @ Ig)h = ©*(S; ® I¢.)Oh = ©7(S; ® I¢, )Oh,

that is, (S; ® Ig)é*@h = 0*0(S; ® Ig)h for all i = 1,...,n, and hence that
©*© is multi-coanalytic. Lemma 2.3 then implies that ©*© is a constant
map, that is, O = Ip: @ 7 for some 7 € B(£, ). Thus

©=0(p®T),

as ©0" = P, ;6. That 7 is a unitary follows from the fact that both © and
O are isometries and O(F2 ® ) = O(F2 ® £).

Thus we have proved Popescu’s noncommutative version of the classical
Beurling-Lax-Halmos theorem (see [2], [17] and [6] for the original versions).
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Theorem 3.2. Let &, be a Hilbert space and let M be a closed subspace of
F?® E,. Suppose

E=Moeo Z(Sz ® Ig, )M.
i=1

Then the following are equivalent:

(i) M is a submodule of F? ® &,.

(ii) There exists an inner multi-analytic operator © : F2®E — F2® €&,
such that M = O(F2 ® £).
Moreover, in the latter case, if M = @(F2 ® 5) for some Hilbert space €
and inner multi-analytic operator © : F?® £ F?2 ® E&,, then there exists a
unitary T € B(E, E) such that

It is worthwhile to note that our approach and presentation is slightly
different than that of Popescu. It is somewhat more convenient to work with
the canonical coefficient space £ as described in the above theorem. In par-
ticular, as we will see, the present approach will be useful in the study of
submodules of Fock module and Fock n-modules.

We now turn to the representations of a commutant of pure isometric
tuples.

Theorem 3.3. Let H be a C{Zy,...,Z,)-Hilbert module corresponding to a
pure isometric tuple V = (Vi,...,V,,). Let Ly : H — F2® & be the canonical
module unitary operator. Then C € {Vi,...,V,,} if and only if there exists
a multi-analytic operator ® € RP®B(E) such that LyCLy, = ® and the
Fourier coefficients of ® are given by

Dot = PEV(X*CLS (Oé € FT—:_)

Proof. Let C € B(H) and let n € £. Then CL},(1®n) = Cn, as Li,(1®n) =7
by (3.1). By the definition of Ly, we have

LyvCLy(1®n) =LyCn= Y e, ® (PeV**Ch).
aelyt
Clearly, if C € {V1,...,V,,}, then
(LvCLy)(S: @ Ig) = (Si @ Ie)(Lv OLy),
foralli =1,...,n, and hence Ly CLj, is a multi-analytic operator. Let
LyCL}y, =® € R°®B(E).
Then by (2.1) we have

®(Ry,...,Ry) =SOT — lim Z Z R @ g,

r—1-
m=0 |a|=
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where ¢, € B(E) for all « € F;. Finally, if 7, € £, then by (2.2) we have
(@arn, ) = (LyCLy(1®n), ea ® ()

= (> es @ (PeVCn), ea @)
BEFT
— (PVo*C, ©),

and hence p,: = PeV**C|¢ for all a € F,S. The converse is obvious. O

Therefore, the unique formal Fourier expansion of ® € R°®B(E) in the
above proposition is given by

®(Ri,....R) = Y R*® (ngat*cwg).
czEFn+

Finally, a word of caution is necessary here: Since

&= ﬁkerVi* CH,

i=1

the representation of p,:, a € F,F, in Theorem 3.3 is well-defined.

4. Submodules of Fock n-modules

This section deals with representations of submodules of the Fock n-module
F2. This problem originated from the natural question of whether Beurling,
Lax and Halmos type inner function-based characterizations of invariant sub-
spaces can be valid on Hardy space over the unit polydisc D™, n > 1. The
answer is negative even for n = 2 (see Rudin [25, Theorems 4.1.1 and 4.4.2]).
On the other hand, recently in [12], an abstract classification of invariant
subspaces of the Hardy space over the unit polydisc has been proposed. Here
we refine the method of [12] to handle the noncommutative tuples and carry
out the classification of submodules of F2. We point out once again that
noncommutative analog of doubly commuting and Brehmer type invariant
subspaces have been considered by Popescu (for instance, see [22, Corollary
5.3]). Our classification results in this section hold for general submodules of
F2.

Let £ and K be Hilbert spaces and let T € B(K). We treat K as a
C[Z]-Hilbert module corresponding to T. Now consider the £-valued Fock
module F? @ € as C(Zy, ..., Z,)-Hilbert module corresponding to S @ I¢ =
(S1®1Ig,...,S, ® I¢). Consider the free algebra

C{Zy,....Zn)@c ClZ) =C{Zy,...,Zn, Z),
generated by the indeterminates {Z1,...,Z,, Z}. Note that
ZeoH)(1eZ)- 1 Z)(Z®1)=0 (t=1,...,n).

Now we treat (F2 ® K)® & as a C(Z1, ..., Z,, Z)-Hilbert module, where Z;
and Z corresponds to (S; ® Ix) ® Ig and (Ipz ® T') ® I¢, respectively, and
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1 < i < n. Note that since (S;®Ix)®1g, i =1,...,n, commutes (and doubly
commutes) with (Ip2 ® T) @ I¢, the above identification is well defined.

On the other hand, let H be a C(Z,...,Z,)-Hilbert module corre-
sponding to a pure isometric tuple V € B (H) and let T' € B(H). Suppose
T commutes and also doubly commutes with V. Let F2 ® £ be the identifi-
cation of H as in (3.1). It follows from Lemma 3.1 that the representation of
T in F? ® € is a constant multi-analytic operator.

The above discussion is the underlying theme of this section, where we
aim at characterizing joint invariant subspaces of Fock m-module F2. Such a
characterization is a consequence of the following key theorem.

Theorem 4.1. Let &, be a Hilbert space, T € B(F2®E,) and let M a closed
subspace of F? @ E,. Let

n
E=Mo¢o Z(SZ ® Ig, )M.
i=1
and suppose T(S; ®@1¢,) = (S; ®@I¢, )T for alli=1,...,n. Then the following
statements are equivalent:
(a) M is submodule of F2 ® E. and TM C M.
(b) There exist an inner multi-analytic operator © € RXPRB(E,E,) and a
multi-analytic operator ® € RPRB(E) such that

M=0(F2x¢),
and
70 = 609.

Moreover, if either of the above conditions hold, then the Fourier coefficients
of ® are given by

Pat :Pg(sa*®fg*)T|g (OL EF,,JLF)

Proof. The implication (b) = (a) follows from the well known Douglas’ range-
inclusion theorem. So we proceed to prove that (a) = (b). Suppose M is a
submodule of F? ® £, and suppose that M is T-invariant. Define T' = T'| p
and

(S@le,)m=((S1@Ie )My s (Sn @ Le,) M)

Clearly (S; ® I¢,)|pm is an isometry and [(S; @ Ig,)|am, T] = 0 for all i =
1,...,n. Hence, taking into account of Lemma 2.2, it follows that (S®I¢, )|m
is a pure isometric tuple. Now we are in the setting of the proof of Theorem
3.2. Therefore

M= @(Ff ®E),
where
E = ﬂker ((Sl ®Ig*) M) R
i=1
and

@ = LML?S@Ig*)lM € R?@B((S?g*)
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Moreover, by Theorem 3.3, there exists ® € RX®B(E) such that

® = Lisere ) m I Lisore, )

and the Fourier coefficients of ® are given by
Pat = Ps((5® IE*)|M)MT|£ (v € Fy).
Now for each a € F,} we have
Pg((S ® I&)|M)MT|S = PePpm(S @ Ie,)** | mTle = PePp (5% @ Ie, )T,
hence, by the fact that £ C M, we have
Pe ((5 ® 15*)|M>a*f|5 = Pe(S @ Ig, )Te.

Finally, from the definitions of ® and ® above and the fact that T= Tipm =
Ui Tt pm, we conclude that

® = Lisore ) mTLisore. ) = Lisore) mtmTimLisgre ), = 7T,
that is

b =0"To, (4.1)
and hence OP = TO, as ©O* = Py and ran(7T©) C M. This completes the
proof of the theorem. (I

Now, let M be a closed subspace of F? ® &,. Then M is submodule
of F? ® &, if and only if there exist a Hilbert space £ and an inner multi-
analytic operator © € RX®B(E,€&,) such that M = O(F2 @ £). This is
Popescu’s Beurling-Lax-Halmos theorem [16]. However, the above theorem
says that M is also invariant under 7" if and only if 7" and Popescu’s inner
function © satisfies the operator equation 7O = ©® for some explicit ¢ as
in the statement above.

Remark 4.2. In the setting of Theorem 4.1, if, in addition, T" is an isometry,
then

@A) = |©®h|| = [TOK]| = A (he€ E®¢E),
and hence it follows that ® is also an isometry. Suppose now that T is pure,
that is, 7*™ — 0 as m — oo in the strong operator topology. Then ®*™ =
O*T*™O, m > 1, implies that ¢ is also pure.

Now we proceed to submodules of the Fock n-module F2. Recall that
the Fock n-module F2, for n = (ny,...,n;) € N* is given by
FP=F ® - QF;.
Clearly, if we denote by
C(Z)p :=C{Z1,..., 7Z0n,)®c - ®c C{(Z1,..., Zn,),
the tensor product of free algebras over C, then F?2 is naturally a C(Z),-

Hilbert module corresponding to S = (Sy,,...,Sh,). From this point of
view, a closed subspace M C F? is said to be a submodule if

XMC M,
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forall X € S,,,i=1,...,k Now if we set
é‘,n:FW2 ®...®F2

no ng
then Theorem 4.1 (applied to &, in place of &,) directly leads to the following
corollary concerning representations of submodules of F2:

Corollary 4.3. Let M be a closed subspace of the Fock m-module F2. Let

5:M9§:S1j/\/1,

j=1
and &, = F,32 R ® Fflk Then M is a submodule of F?2 if and only if there
exist an inner multi-analytic operator © € RS ®RB(E,Epn) and multi-analytic
operators ®;; € RC®B(E), i =2,...,k, and j =1,...,n;, such that
M= @(F,f1 ®E),
and
5,0 = 0.
In this case, the Fourier coefficients of ®;; are given by
ijat = Pe(S"" @ I¢, ) Sijle,
forallae Ff,i=2,... k andj=1,... ,n;.
Remark 4.4. A few comments about the above classification result are in
order.
1. In view of our notation S,, = (S11,...,S1n,), the Fourier coefficients
of ®;; can be further simplified to
Pijar = PeS;"Sijle,
for all o € F;f- (see Theorem 4.1).
2. In view of Remark 4.2, it follows that ®;; is a pure isometry for each
1=2,...,k,and j=1,...,n,.
3. Fix i € {2,...,k}. Then by (4.1), it follows that
q)ij = @*Sij("),
for all j = 1,...,n;. Consequently, ® ®;, = 5quF31®g for all p,q =
1,...,n;. Hence, the n;-tuple ®,,, = (®;1,...,P;y,,) is a pure isometric
tuple on Ffl ®E& foralli=2,... k.
4. In the setting of Corollary 4.3, if M is a submodule of F2, then

(Sn1|M7 Sn2‘/\/lv .. ’Snk|M) on M,

and
(Sn, @I, ®py,..., ®p) o0 2 ®E,

are unitarily equivalent.

We conclude this section with the uniqueness of the tuple (®,,, ..., ®,,)
on F2 @¢&:
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Theorem 4.5. In the setting of Corollary 4.3, let M = (:)(Fﬁ1 ®5~) for some
Hilbert space £ and an inner multi-analytic map Oe R;ﬁ@@(é,gn), and let
S;;0 = ©d,; for some pure isometry ®;; € RCOB(E) and i = 2,...,k and
j=1,...,n;. Then there exists a unitary 7 : & — & such that

O(Ipz ©7) =86,
and
(Ipz, @7)0ij = Pii(Ip2 @ 7),
foralli=2,....k, and j =1,...,n;.

Proof. By Theorem 3.2, there exists a unitary 7 € B(E, ff) such that é([p31 ®
7) = ©. Moreover

é([pgl X T)(I)ij = @CI)Z-J- = Sl]® = Sijé(IF}l’l ® T),

that is, C:)(IFS1 @ 7)®;; = OD;; (IR:;1 ® 7). The result now follows from the
fact that © is an isometry. O

In particular, if (n,...,n;) = (1,...,1), then the Fock module F2
is the Hardy module H?(DF), and hence Corollary 4.3 (and the uniqueness
theorem above) recovers [12, Theorem 3.2]. However, it is worth mentioning
that the representation of submodules in Corollary 4.3 somewhat finer than
[12, Theorem 3.2]. The major difference here is the coordinate free approach
to submodules of F2 as in Theorem 4.1 (for instance, the formalism of x; in
[12, Theorem 3.1] is not essential in the present consideration). This slightly
different technical advantage may actually result in the further development
of multivariable operator theory in noncommutative polydomains.

5. Noncommutative varieties and submodules

First, we briefly recall the necessary definitions and results about noncom-
mutative varieties in B(H)" from [20]. Given a weak operator topology closed
two-sided proper ideal J of F2°, the non-commutative variety V;(H) corre-
sponding to J is defined by

ViH) = {(X1,...,Xn) € B (H) : o(X1,...,X,) =0 for all p € J},

where ¢(X1,...,X,) is defined in the sense of F>° non-commutative func-
tional calculus for completely non-coisometric contractions [18].
Now let J be a weak operator topology closed two-sided proper ideal in
E>®. Define
Mjy:=JF2 and N;:=F20 JF2
Since J is a two-sided weakly closed ideal, it follows that M ; is a submodule
of F?2, and hence N is a quotient module of F? [20, Lemma 1.1]. Moreover

My =span{S®p(1):p € J,a€ F} and N;= ﬂ ker ™.
peJ
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Following [20], define the constrained left (respectively, right) creation opera-
tors as
Bi = PNJSi‘NJ and Wi = PNJRi|NJ,

respectively, for all ¢ = 1,...,n. Therefore B = (By,...,B,) and W =
(Wy,...,W,) are n-tuples of constrained creation operators on N;. A closed
subspace M C N; ® K, for some Hilbert space IC, is called a submodule if
(Bi®@ Ixk)yMC Mforalli=1,...,n.

The remarkable fact is that B € V;(Ny) and this constrained tuple
B plays the role of model tuple for tuples of operators in noncommuta-
tive domains [20]. Moreover, we have Popescu’s Beurling-Lax-Halmos type
theorem for submodules of N; ® K corresponding to the constrained tuple
(B1®Ik,...,B, ®Ix) on N;j ® K for Hilbert spaces K:

Theorem 5.1. [20, Popescu, Theorem 1.2] Let J g F2° be a weakly closed
two-sided ideal, and let IC be a Hilbert space. A closed subspace M C N;QK is
a submodule if and only if there exist a Hilbert space G and a partial isometry

OWy,...,W,) e #(W1,...,W,)®B(G,K)
such that M = ©O(Wy,...,W,)(N;® G).

Recall here that #'(Bi,...,By,) is the w*-closed (or, weak operator
topology closed, as they coincide in this particular situation) algebra gener-
ated by {In,, B1,..., By}, and (see Popescu [20, page 396] and also see Arias
and Popescu [3])

W (Bi,...,Byn) = Pn,F°|n, ={o(B1,...,Bpn) : ¢(S1,...,5,) € F°},
and
W (Bi,....By) =W (Wi,...,W,)and # (W1,....W,,) = # (Bu,...,B,).
Moreover, the noncommutative version of intertwiner lifting [16] implies that
W (Wi, Wa)BBE.E.) = Pr,cel REGBE Elln,se.,  (5.1)

for Hilbert spaces £ and &.. Note that a similar statement also holds for
W (Bi,...,Bn)®@B(E,E,). The elements of # (Wi,...,W,,) are called con-
strained multi-analytic operators. We will use the symbol © (or ©(By, ..., By)
and O(W1, ..., W,) if the presence of (By, ..., By,) and (Wy,...,W,), respec-
tively, is not clear from the context) to denote the constrained multi-analytic
operators in #'(By,...,By) and # (W1,...,Wy).

The following result furnishes an analogue of Theorem 4.1 in the setting
of noncommutative varieties.

Theorem 5.2. Let &, be a Hilbert space, T € B(N; ® &), and let M be
a closed subspace of Ny ® E,. Suppose T(B; ® Ie,) = (B; ® I, )T for all
1=1,...n. The following statements are equivalent:

(a) M is a submodule of Ny ® & and TM C M.
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(b) There ezist a closed subspace € of Ny ®E&,, a constrained multi-analytic
partial isometry

OWy,...,W,) e W (W1,...,W,)RB(E, &),
and a constrained multi-analytic operator
S(Wr,..., W) e #(Wy,...,W,)RB(E),
such that
M=0(Wy,...., W,)(N;®¢E),
and

TOW,, ..., Wy) =O(Wi,...,W)®(W1,...,Wy).

Proof. Again, (b) = (a) follows from Douglas’ range-inclusion theorem. We
now prove that (a) = (b). The idea is to apply Theorem 4.1 along with
Popescu’s non-commutative version of the commutant lifting theorem in an
appropriate sense. Suppose M is a submodule of N; ® £, and TM C M.
By the noncommutative commutant lifting theorem (see [16, Theorem 3.2]),
there exists ¥ € R°®B(E,) such that

Uy, e, = T (5.2)

Observe that (F2 ® &) 6 (Ny®€&E.) = My ® E, is a submodule of F2 ® &,.
Define
My=(M;®E) D M.
Clearly, M j C F? ® &,. First, we claim that M is U-invariant. Indeed, on
the one hand
V(M;® &) C(My®E),
as U*(N;®E&,) C (Ny;®€&,) and, on the other hand, since M C N;®E,, we
have
UPy = (Puywe, + Pryse, )Y Pryoe, Pum

= (PMJ®5*‘IIPNJ®£* + PNJ®£*‘I’PNJ®$*>PM

= (PJVIJ®5*\I’PNJ®£* + T)PM’

and hence Y M C M ;. Next we claim that M is a submodule of F? ® &,.
The proof is similar to the proof of the above claim. Otherwise, one may
argue, as in the first paragraph in [20, page 397], that

M, = (F,% ®5*) o ((NJ ) @M),

and since (N ® &) © M is invariant under (B ® I¢,)*, it follows that it is
also invariant under (S ® I¢,)*, and hence M ; is a submodule of F? @ &,.
On the other hand, for each ¢ = 1,...,n, we have

Pyrryge, (Si @ Ie, )" M, = Puyee. (Si ® Ie, ) vy ee. + Puyge. (Si @ 1e, ) | m

= Pyye. (Si @ Ie,) | Mye.
as
(Si®@Ie, ) MC(S;®1Ie,)" (N;®E) CNj®E,.
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This implies
P, (S @ Ie,)*|m,; = Puyoe. (Si @ Ie, ) [ ms0e, + Pm(Si @ 1e,)" |,

and hence

E=Wo A ker (PM(Si®Ig*)*|MJ>, (5.3)
where
€= A ker (Pag, (S @ 1) |, ), (5.4)
and
W= 1 ker (Payoe. (5 Ie.)" |, oe. ) (5.5)

are wandering subspaces of the tuples (S ® I¢,)|m, and (S ® Ig,)|m,we.
on My and M; ® &, respectively. We conclude therefore, by Theorem 4.1
along with the proof of Theorem 3.2 (and in particular, the construction of
wandering subspace in (3.2)), that there exist an inner multi-analytic operator
0 € R°®B(E,£,) and a multi-analytic operator ® € RC®B(E) such that

and
M; @&, =O|pegw(F2aW), (5.6)
and
U0 = 60,
and the Fourier coefficients of ® are given by
Par = Pz(5%" ® Ie,) Vg, (5.7)

for all « € F,}. Now we set
E=Eow. (5.8)
Then
&= A ker (Pa(Si @ 1e.)" |m, ) S My CFEQE,.
Next we define
O (Wy,...,W,)®B(£,E) and ®e W (Wi,...,W,)®B(£),
by
© = Py, O|N, e,
and
® = Py,ee®|N,ze, (5.9)

respectively. Now taking into account of the fact that N; ® &, is jointly
co-invariant under (R ® Ig,) [20, Lemma 1.1] we have

6*(NJ ®5*) g NJ ®5,
or equivalently
@*PNJ(@‘S* - PNJ®56*PNJ®5*. (510)
Note also that
\I/*(Nj@)g*) C Nj®£&,,
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as U*|n,ge. =T € B(N; ® £,). Using these observations and the fact that
Od = VO we compute
P,ce® 0" |n,ce. = Prn,ee® VN, e.
= Py, 0e0" |06 VN, ce.
=O*T™,
which implies
TO = Py, 0. 0|, 0e
= PNyee. Ol 20PN, 0e
= Py, 2e.O(Pr2ge + Preow)®|n, e
By (5.6), we must have
OF2W)=M;RE&, L N;®E,,
and hence Py, xe, (:)Pp5®w = 0. We obtain
TO = Py,ge, OPp20e®|n,ce
By (5.10), the later implies that
TO = Py,ze,OPy, e Prece®| v, oe
= PN, 9PN, 0 ®|N, 0
and hence TO = ©®. Finally, we use (5.10) again to obtain

00" = Pn,2:00%|n,0c = Pn,oe Pr, N e = Pum.

Therefore, © is a partial isometry and M = ran®. We postpone the proof of
the fact that £€ C Nj ® &, till Lemma 6.2. This completes the proof of the
theorem. 0

The submodule part of the above theorem reproves Popescu’s version
of constrained Beurling, Lax and Halmos theorem, namely Theorem 5.1 (or
see [20, Popescu, Theorem 1.2]). Here, however, the present proof brings out
more geometric flavour (like the fact that &€ C Ny ® &,). This will be more
evident in the following section.

Moreover, we will return to the constructions of £ and W as in equations
(5.3), (5.4) and (5.5) and the decomposition £ = £@ W as in (5.8) in Section
6 when we discuss in more detail about the representation of the constrained
multi-analytic map .

Now we introduce constrained Fock m-modules (quotient modules of
Fock n-modules).

Definition 5.3. Given n = (ny,...,n;) € N¥ and weak operator topology
closed two-sided proper ideal J; in F?°, ¢ = 1,...,k, the constrained Fock
n-module N, is defined by

Ny, =Nj® --®@Ny,.
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Since Ny, C F2, the following operators on Ny, are well defined:
Bij = Pn,, SijIn,, and W;; =Py, Rij|n,,,

foralli=1,...,kand j=1,...,n;. Set By, = (By1,...,Bin,), the n;-tuple
on Ny, and let B = (B,,,...,By,). Similarly, define W,,, and W on Ny, .
Observe that

Bi,j:INJl®"'®Bij®"'®INJka
and
Wij:INJl®'.'®Wi,j®..'®INJk7

foralli=1,...,kand j=1,...,n;. Moreover,ifl <p<g<kand X € B,
and Y € By, then XY™ =Y*X, that is, B, doubly commutes with B,.
Clearly, Ny, is a quotient module of the C(Z),-Hilbert module F2.
From this point of view, a closed subspace M C Ny, is said to be a submodule
ifXMC Mforall X € By,,,i =1,...,k. The proof of the following corollary
concerning submodules of Ny is now similar to that of Corollary 4.3.

Corollary 5.4. Let J; be a weak operator topology closed two-sided proper
ideal in 2, i =1,...,k, and let M be a closed subspace of the constrained
Fock n-module Ny, = Nj, ® --- ® N, . Suppose

5n:NJ2 ®®N}k

Then M is a submodule of the quotient module Ny, if and only if there exist
a Hilbert space £, a constrained multi-analytic partial isometry

GRS W(Wll, Ce ,Wlnl)gB(é‘, En),
and a constrained multi-analytic operator
cI)ij S W(W117 Ce >W1n1 )@B(5)7

such that M = ©(Ny, ® €) and B;;© = O®;; for all i = 2,...,k and
jil,...,ni.

Note, by the way, that the constrained multi-analytic operators
S(Wy,...,W,) e #W(Wy,...,W,)RB(E),
in Theorem 5.2 and
Qi € W (Wir,..., Wi, )®B(E),

in Corollary 5.4 are not canonical. This inconvenience is caused by the fact
that ¥ in the proof of Theorem 5.2 is a lifting of the map 7', and hence the
choice of ® is not uniquely determined, in general, by T'. For now we will
leave them alone and take up this issue again in the next section.
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6. Drury Arveson n-modules and the map ¢

In this section we continue our discussion of constrained Fock n-modules by
looking at special noncommutative varieties. More specifically, here we aim at
representing submodules of Drury Arveson m-modules (see the definition of
Drury Arveson n-modules below). Moreover, we will analyze the constrained
multi-analytic map ® of Corollary 5.4 and see that the representations of ® for
submodules of Drury Arveson n-modules are more concrete and informative.
We first recall the construction of the Drury-Arveson module. Consider
the Fock module F? and let J denote the weakly closed two sided ideal
generated by
{5pSq —S¢Sp :pg=1,...,n} C F°. (6.1)
Then the quotient Ny is the symmetric Fock space, Py, Si|n, = Pn,Wi|n,
foralli =1,...,n, and (Pn,S1|n,,---,Pn,Snln,) on Ny and the tuple of
multiplication operators (M., ..., M., ) on the Drury-Arveson space H2 are

n

unitarily equivalent (we will often use this fact implicitly). Moreover
PN,JF7§>0|PNJ - '/%(Hg)a

where .# (H?2) denotes the set of multipliers of H2 (see [1] and [20]). Recall
also that H? is a reproducing kernel Hilbert space corresponding to the kernel
function

K(z,w)=(1- Z ziw)”t (z,weB"),

where B" denotes the open unit ball in C". Moreover, .# (H?2) is a commu-
tative Banach algebra and is given by
M(HZ) = {p € Hol(B") : pH2 C H2}.

We now consider the Fock n-module F?2 = Fgl - Fﬁk. Let J; C F?
denote the weakly closed two sided ideal generated by the commutants of the
creation operators on F,%, i=1,...,k, as in (6.1). Then the corresponding
constrained Fock m-module Ny, also denoted by H2, is the tensor product
of Drury-Arveson modules {H2 }%_, that is

H? -H? @..-® H?

n n1 ny
We call H2 the Drury-Arveson n-module. Clearly
B;;j = Wi,
and, up to unitarily equivalence, they are equal to
M., =1 @ @M, ® @Iy ,

on H2, wherei =1,...,k and j = 1,...,n,. Also, for simplicity of notation
let

M,, = (Mz“,...,MZW) (t=1,...,k).
Corollary 5.4, in the setting of Drury-Arveson m-module, then yields the
following:
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Corollary 6.1. Let n = (nq,...,nx) € N¥, and let M be a closed subspace
of the Drury-Arveson n-module

H2=H: ®H. ® - ®H;

ng*
Suppose
En=H} ® - @H. .

Then M is a submodule of H2 if and only if there exist a Hilbert space &,
a partial isometry © € M (H2 )RB(E, &), and ®;; € M (HZ )RB(E) such
that

M= @(HEL1 ®E)
and

M.,.6 = 0d

ijs
foralli=2,...;kandj=1,...,n;

As promised, we now return to address the representation of the con-
strained multi-analytic operator ®(W1,...,W,) € #(W1,..., W, )@B(E) in
Theorem 5.2. And, at the end of this section, in Corollary 6.4, we will settle
the issue of analytic representations of ®;; € .#(H7 )@B(E). Here we will
work with the same orthogonal decomposition

E=EaW,

as in (5.8) in the proof of Theorem 5.2. Here

€= () (kex(Par, (Si @ Ie.)la,)), - €= ﬁ (Ker(Pae(S; @ Ie.)*[a,) )

1 i=1

-

K2

and

ﬂ (ker Pur,ge, (Si @ Ig,)” |MJ®E*))7

are also as in (5.3), (5.4) and (5.5). In this setting, we have the following
lemma which seems to be of independent interest:

Lemma 6.2. £ C N; ®E,.

Proof. In what follows, \/ denote the closed linear span in respective spaces.
We observe that

E=Eow=EnwW.
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Now we compute

n (ker Prrype, (Si @ Ig,)* |MJ®£*))

n

_ (MJ®5*)ﬂ(\/ran((Si®I£*)

i=1

)
)
M)

n

=(N;®&, lr](\/raun ((Si®I¢,)

i=1

n

:((N,@S \/( 11ran ((S; ® Ig,)

which implies

W = (N; €. \/(\n/ ran((S; © I, )

J)-

On the other hand, since M; ® &, is a submodule of F? ® &, we have

D)

n

(Ny© &) L (V(an(si o Ie.)

i=1

and hence

n

WLZ(NJ(X)E @(\/ran S ®Ig

i=1

J)-

Next we simplify €. Observe that

£= ﬁ (ker(PMJ(Si®IS*)*|MJ ) = ﬂ(\n/raﬂ Si®1e,) |MJ))L-

i=1 =1

In particular, & C My and
n

£l ( \/ ran((S; ® Ig,)

i=1
Also since Mj; ® £, C M we have

o))

({/ran((Si@)IE*) ) (\_n/ran S;®I¢,) ))7
and hence : -
(\/ran((s ®Ig,) ) (\!ran ((S; ® Ie) | v, 6. ))L

This immediately leads to

(\n/ran S;®Ig,)

=1

D)
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and hence, finally

E=Enwt
=& ((NJ ® &) P ( \/ ran((S; ® I, M@&)))
i=1
=E[(Ns ®E).
In particular, £ C N; ® &,, which completes the proof. O

Recall from (5.1) that if ®(Wy,...,W,,) € #(Wy,...,W,)RB(E) is a
constrained multi-analytic operator, then there exists (not necessarily unique)
®(Ry,...,R,) € RPBB(E) such that ® = Py,geP|n,0e. Evidently being
a solution of the commutant lifting, the multi-analytic operator ® is not
unique and hence any possible definition of Fourier coefficients of ® will be
ambiguous (for instance, see (6.2) below). However, as we shall see soon, for
constrained Fock n-modules the situation is somewhat favourable.

First we turn to constrained multi-analytic operator ® in Theorem 5.2.
Here ® = Py,5e®|n,0s, and & € REBB(E) (see (5.9)). We note that by
Theorem 4.1, the Fourier coefficients of ®, as constructed in the proof of
Theorem 5.2 (and also see (5.7)) are given by

Gt = P(S®Ie)™ U] (a € F)).

In this case, we define the Fourier coefficients of the constrained multi-
analytic operator ® € W (W1, ..., W,)RB(E) corresponding to ¢ as

Put 1= Pegatle = Pe(S @ I, )™ U|g (a € F).

We proceed now to describe the Fourier coefficients ¢, in detail as follows.
Since, ¥*|n,0e, = T* by (5.2), and £ C N; ® & by Lemma 6.2, it follows
that

Ve = Pn,ge. Y]e + Puyoe. Ve = Tle + Puyse. Ve,

and hence
ot = Pe(S @ I, )**T|e 4+ Pe(S @ I, ) Par,0e. Ve, (6.2)

for all « € F. Here note that the appearance of Pps,ge, ¥ (here W is a lifting
of T as in (5.2)) is not so convenient.

We obviate the above inconvenience by restricting 1" to tensor product
of operators. So we now move to the setting of Corollary 5.4. Here, we treat
Njas Ny, & as

En=Nj,® --®Ny,
and T"as B;; on Nj, ® €, foralli =2,...,k, and j =1,...,n,. In this case,
consequently one may choose a lifting ¥;; in R;°®B(Ey) as the constant
multi-analytic operator

Yiji=1Ipz @ (In,, ®-- @By ®---®In, ),
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foralli=2,...,k,and j = 1,...,n;. Let ¢;; o+ be the a-th Fourier coefficient
of the multi-analytic operator ®;; in # (W1,..., Wy)®B(E),i=2,...,k, and
j=1,...,n;. Then (6.2) implies that

Pijat = Pe(Sn, @ Ie, )" Bijle + Pe(Sn, ® Ie, ) Par, e, Yijle-

Since, £ € Ny, ® &, by Lemma 6.2, and Nj, ® &, is invariant under Y;; by
construction, we have that Py, ge.Yijle = 0, and hence

©ijat = Pe(Sn, ® Ig, )" Bijle = PeBy" Bijle,

as Bijle = Pn, oe, Bijle and (S14®1¢,,)*|N, g, = Bi,forallg=1,...,n;.
We have thus arrived at the following companion result to Corollary 5.4:

Corollary 6.3. In the setting of Corollary 5.4, for eacha € FY,i=2,... k,
and j = 1,...,n;, the a-th Fourier coefficient of the constrained multi-
analytic operator ®;; is given by

E3
Qijat = Pe By Bijle.

Finally, in view of the above corollary, we now turn to analytic repre-
sentations of ®;; € .#(H} )®B(E) in Corollary 6.1. So now on, we will be
following the setting of Corollary 6.1.

Denote by o the symmetrization map from F,‘L*‘1 to Z'. Then

By, = Pn; e, (S5, ®1e,)|IN, e, = Mgl(a)’
for all o € F; . Then, by Corollary 5.4 we have

Pij,at = PE(MM)*mMZU

£ (a e F)

where o(a) = m. Moreover, a standard computation shows, for each m ¢
7%, that

ni
(> ma)!
#{OéEF+ :J(a):m}: |m" — i=1 .
ni m)! myl - my, !

Then, for each z € B™ we have

Q)ij(z) = Z W(PgMnl Mzij|g)z
nq :

+

m)!
—re( L (X EEagrar, s
teZy mezj! '

|m|=t

meZ

-1
and hence ®;;(z) = Ps (I -y zmMg‘lm) M.,

following.

¢. We have proved the
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Corollary 6.4. In the setting of Corollary 6.1, for each i = 2,...,k and
j=1,...,n;, the multiplier ®;; € .M (H2 )RB(E) can be represented as

ny 1

®ij(z) = P (I -y ZmMz*lm)i M.,
m=1

£ (Z S Bnl).

7. An example and concluding remarks

Structure of isometries (that is, the von Neumann and Wold decomposition
theorem), Beurling, Lax and Halmos theorem, Sarason’s commutant lifting
theorem, and the Sz.-Nagy and Foias analytic model theory have been in-
separable companions in single variable operator theory and function theory.
These concepts are increasingly accepted as stepping stones to the devel-
opment of (both commutative and noncommutative) multivariable operator
theory. However, there are a number of interesting and vital results that hold
for single bounded linear operators but do not hold in general for commuting
and noncommuting n-tuples, n > 2, of operators. Here we aim to present one
such example.

First, we recall the noncommutative version of Beurling, Lax and Hal-
mos theorem (see Theorem 3.2): Let &, be a Hilbert space and let M be
a closed subspace of F,% ® E.. Then M is a submodule of F,% ® &, if and
only if there exist a Hilbert space £ and an inner multi-analytic operator
O(R1,...,Ry) : F2® & — F? @ &, such that

M= @(Rl,...,Rn)<FfL @5).
If we assume in addition that n = 1, then
dim & < dimé,.

This inequality plays a crucial role in single variable operator theory. Here,
on the contrary, if n > 1, then we show that such dimension inequality do

not hold in general, specifically we construct an inner multi-analytic oper-
ator O(Ry,..., R,) € RP®B(E,E,) such that dim & > dimE,. Clearly and
necessarily, here one must consider finite dimensional Hilbert spaces ..

Ezample. Let n > 1 and let &1, ..., &, and &, be Hilbert spaces. Suppose
dimé&; = dimé&, = m (< oo),

foralli=1,...,n, and let
i=1

Let {e;;}72; be an orthonormal basis of E,i=1,...,n, and let {fi}jL, be
that of £,. Then

dim € = mn.
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Now for each i = 1,...,n, we define linear operator 6; : £ — &, by
fo ifp=i
ai(epq) = a . .
0 ifp#i.

An easy calculation reveals that Y " | 676, = Ic. Set
O(Ry,....,Ry) =Y R0,
i=1

Clearly
(S’i by Ig*)(—)(Rla ceey RTL) = @(R17 s 7R7L)(Sl ® If)a
foralli=1,...,n, that is, O(Ry,...,R,) € F°RB(E, E,). Moreover

O(Ry,...,Rn)*O(Ry,...,Ry) =Y RiR; @00 = Ip2ge,
i=1
that is, ©(Ry,..., R,) is an inner multi-analytic operator in F°®B(E,E,),
where, on the other hand

mn =dim& > dimé&, = n.

It is now evident, from the above example point of view, to the least,
that extensions of some of the concepts (for instance see the appendix in [12])
of submodules of the Hardy space over polydisc in its full generality is not
possible in the context of multivariable (both commutative and noncommu-
tative) operator theory and noncommutative varieties.

All the main results of this paper remain valid if we replace Fock m-
modules, constrained Fock n-modules and Drury-Arveson n-modules by the
respective vector-valued counterparts and the proofs carry over verbatim.
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